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Abstract
We study the low-lying excitations of Type IIA superstring theory in a plane wave back-
ground with 24 supersymmetries. In the light-cone gauge, the superstring action has
N = (4, 4) supersymmetry and is exactly solvable, since it is quadratic in superstring
coordinates. We obtain explicitly the spectrum of the Type IIA supergravity fluctuation
modes in the plane wave background and give its correspondence with the spectrum of string
states from the zero-mode sector of the light-cone superstring Hamiltonian.
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1 Introduction
Recently, much attention has been paid to the M theory on the maximally supersymmetric
eleven-dimensional pp-wave background after the work by Berenstein, Maldacena and Nas-
tase [1]. The formulation of the theory has been given in the framework of Matrix model and
the resulting Matrix model has turned out to have intriguing properties [1, 2]. One may take
two basic properties, which may be regarded as the sources of the other. One is the removal
of flat directions because of the presence of bosonic mass terms and another is the time
dependent supersymmetry making the bosons and fermions have different masses. The Ma-
trix model with these properties shows a peculiar perturbative aspect such as the protected
multiplet and has various kinds of non-perturbative BPS states [2]-[8]. The discussions on
other aspects of the model may be found in [9]-[15].
In addition to the Matrix model description of the M theory, there is another possible
way of studying the M theory by going down to the ten dimensional Type IIA superstring
theory through the strong-weak duality between M and Type IIA superstring theory. In
this approach, there is an advantage that one may use the rather well-developed machinery
of string theory compared to that of Matrix theory.
To obtain the IIA superstring theory from the M theory, one should pick up an isometry
direction on which the M theory is compactified. As for the eleven-dimensional maximally
supersymmetric pp-wave geometry, there are various spacelike isometries, along which the M
theory can be compactified [16]. One choice of the compact direction leads to the following
ten-dimensional pp-wave background [12, 17, 18]:
ds2 = −2dx+dx− −A(xI)(dx+)2 +
8∑
I=1
(dxI)2 ,
F¯+123 = µ , F¯+4 = −µ
3
, (1.1)
where the quantities with bar mean that they are background and we have defined
A(xI) =
4∑
i=1
µ2
9
(xi)2 +
8∑
i′=5
µ2
36
(xi
′
)2 . (1.2)
It has been shown in [12, 17] that this background admits only 24 Killing spinors.
The various aspects of the Type IIA Green-Schwarz (GS) superstring theory have been
studied in [17, 18, 19, 20]. In particular, in the light-cone gauge formulation, the Type IIA GS
superstring action in this background has been shown to be quadratic in terms of the string
coordinates indicating the exact solvability of the theory. Furthermore, the light-cone gauge
superstring action has the interesting linearly-realized worldsheet supersymmetry identified
as N = (4, 4) [17]. The situation is similar to the Type IIB case except that the IIB
1
background is maximally supersymmetric [21, 22]. We note that rather general discussions
on the superstring in the pp-wave background have been given in [23]-[27] .
Having the solvable superstring theory, it may be a natural step to investigate the
spectrum of quantized string states and their dynamics. In this paper, we concentrate
on the low-lying perturbative string states and study their spectrum in the field theoretic
way. That is, we obtain the physical excitation modes of the Type IIA supergravity in the
pp-wave background, (1.1), and give their correspondence with the low-lying string states
from the zero-mode sector of the string theory. As alluded above, the study of IIA string
theory is motivated by a hope to understand the M theory in a controllable way. In the
situation that we have the Matrix model as another way of studying the M theory, it may
be expected that the low-energy perturbative study of the IIA string theory is helpful in
uncovering the physics related to the perturbative spectrum of the Matrix model in the
pp-wave. The work in this paper may be regarded as the first step in this direction of study.
We note that there have been other related works for the supergravity spectrum [28, 29].
The organization of this paper is as follows. In section 2, following Refs. [17, 19], we
review the derivation of Type IIA GS superstring action in the pp-wave background, (1.1),
which is given in the light-cone gauge formulation, and then the quantization of the su-
perstring. After the review, we give the low-lying spectrum of string states. In section
3, we consider the fields of Type IIA supergravity in the pp-wave background and obtain
the physical supergravity excitation modes around the background. We shall see how the
spectrum of the supergravity modes corresponds to that of low-lying string states obtained
in section 2. Finally, the conclusion and discussion follow in section 4.
2 Type IIA superstring in plane-wave background
In this section, we review the light-cone gauge fixed Type IIA GS superstring action in the
pp-wave background and its quantization following [17, 19].
It is very complicate to get the full expression of the GS superstring action in the
general background (see, for example, [30, 31]). However, in the case at hand, we can use
the fact that eleven-dimensional pp-wave geometry can be thought as a special limit of
AdS4 × S7 geometry on which the full supermembrane action is constructed using coset
method [32]. The full IIA GS superstring action on this geometry can be obtained by the
double dimensional reduction [33] of the supermembrane action of [32] in the Penrose limit
[34]. The superstring action is simplified drastically in the light-cone gauge chosen as
Γ+θ = 0 , X+ = α′p+τ , (2.1)
where p+ is the total momentum conjugate to X− and τ is the worldsheet time coordinate.
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In this light-cone gauge, IIA string action is given by1
SLC = − 1
4πα′
∫
d2σ
[
ηmn∂mX
I∂nX
I +
m2
9
(X i)2 +
m2
36
(X i
′
)2
+θ¯Γ−∂τθ + θ¯Γ
−9∂σθ − m
4
θ¯Γ−
(
Γ123 +
1
3
Γ49
)
θ
]
, (2.2)
where
m ≡ µα′p+ (2.3)
is a mass parameter which characterizes the masses of the worldsheet fields, and the Ma-
jorana fermion θ is the combination of Majorana-Weyl fermions θ1 and θ2 with opposite
ten dimensional SO(1, 9) chiralities, that is, θ = θ1 + θ2. (1 (2) is for positive (negative)
chirality.) Therefore the light-cone gauge-fixed action SLC is quadratic in bosonic as well as
fermionic fields and thus describes a free theory much the same as in the IIB string theory
[21] on the pp-wave geometry [3].
The characteristic feature of IIA string theory in pp-wave background is the structure of
worldsheet supersymmetry. Sixteen spacetime supersymmetries with transformation param-
eter ǫ satisfying Γ+ǫ = 0 are non-linearly realized on the worldsheet action. As is typical in
light-cone GS superstring, the remaining eight spacetime supersymmetries, combined with
appropriate kappa transformations, turn into worldsheet (4,4) supersymmetry of Yang-Mills
type [17]. In order to see this more clearly, we rewrite the action SLC in the 16 component
spinor notation. We should first introduce the representation for SO(1, 9) gamma matrices
which we take as
Γ0 = −iσ2 ⊗ 116 , Γ11 = σ1 ⊗ 116 , ΓI = σ3 ⊗ γI ,
Γ9 = −σ3 ⊗ γ9 , Γ± = 1√
2
(Γ0 ± Γ11) , (2.4)
where σ’s are Pauli matrices, and 116 the 16 × 16 unit matrix. γI are the 16 × 16 sym-
metric real gamma matrices satisfying the spin(8) Clifford algebra {γI , γJ} = 2δIJ , which
are reducible to the 8s + 8c representation of spin(8). We note that, since the pp-wave
background (1.1) has been obtained by compactifying the eleven dimensional pp-wave along
the x9 direction [17], Γ9 is the SO(1, 9) chirality operator and γ9 becomes SO(8) chirality
operator,
γ9 = γ1 · · · γ8 . (2.5)
1ηmn is the flat worldsheet metric with m,n taking values of τ, σ.
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Then, with the spinor notation θA = 1
21/4
(
0
ψA
)
satisfying the light-cone gauge (2.1)
(Superscript A denotes the S(1, 9) chirality.), the action SLC becomes
SLC = − 1
4πα′
∫
d2σ
[
ηmn∂mX
I∂nX
I +
m2
9
(X i)2 +
m2
36
(X i
′
)2
−iψ1+∂+ψ1+ − iψ1−∂+ψ1− − iψ2+∂−ψ2+ − iψ2−∂−ψ2− + 2i
m
3
ψ2+γ
4ψ1− − 2i
m
6
ψ2−γ
4ψ1+
]
,
(2.6)
where ∂± = ∂τ ± ∂σ. Here the sign of subscript in ψA± represents the eigenvalue of γ1234. In
our convention, fermion has the same SO(1, 9) and SO(8) chirality measured by Γ9 and γ9,
respectively.
Thus, among sixteen fermionic components in total, eight with γ12349 = 1 have the mass
of m/6 and the other eight with γ12349 = −1 the mass of m/3, which are identical with
the masses of bosons. Therefore the theory contains two supermultiplets (X i, ψ1−, ψ
2
+) and
(X i
′
, ψ1+, ψ
2
−) of worldsheet (4,4) supersymmetry with the massesm/3 andm/6, respectively.
Let us now turn to the quantization of closed string in the pp-wave background [19] and
consider the low-lying string states constructed by acting the zero-mode creation operators
on the vacuum which should correspond to the Type IIA supergravity excitations in the
pp-wave background.
We first consider the bosonic sector of the theory. The equations of motion for the
bosonic coordinates XI are read off from the action (2.6) as
ηmn∂m∂nX
i −
(m
3
)2
X i = 0 , ηmn∂m∂nX
i′ −
(m
6
)2
X i
′
= 0 , (2.7)
where the fields are subject to the periodic boundary condition,
XI(τ, σ + 2π) = XI(τ, σ) . (2.8)
The solutions of the above equations are given in the form of mode expansion and found to
be
X i(τ, σ) = xi cos
(m
3
τ
)
+ α′pi
3
m
sin
(m
3
τ
)
+ i
√
α′
2
∑
n 6=0
1
ωn
(αinφn(τ, σ) + α˜
i
nφ˜n(τ, σ)) ,
X i
′
(τ, σ) = xi
′
cos
(m
6
τ
)
+ α′pi
′ 6
m
sin
(m
6
τ
)
+ i
√
α′
2
∑
n 6=0
1
ω′n
(αi
′
nφ
′
n(τ, σ) + α˜
i′
nφ˜
′
n(τ, σ)) ,
(2.9)
where xI and pI are center-of-mass variables defined in the usual manner, coefficients for
the zero-modes, and αIn and α˜
I
n are the expansion coefficients for the non-zero modes. The
4
basis functions for the non-zero modes are given by
φn(τ, σ) = e
−iωnτ−inσ , φ˜n(τ, σ) = e
−iωnτ+inσ , (2.10)
φ′n(τ, σ) = e
−iω′nτ−inσ , φ˜′n(τ, σ) = e
−iω′nτ+inσ , (2.11)
with the wave frequencies
ωn = sign(n)
√(m
3
)2
+ n2 , ω′n = sign(n)
√(m
6
)2
+ n2 . (2.12)
We note that the reality of XI requires that αI†n = α
I
−n and α˜
I†
n = α˜
I
−n.
We promote the expansion coefficients in the mode expansions (2.9) to operators. By
using the canonical equal time commutation relations for the bosonic fields,
[XI(τ, σ),PJ(τ, σ′)] = iδIJδ(σ − σ′) , (2.13)
where PJ = ∂τXJ/2πα′ is the canonical conjugate momentum of XJ , we have the following
commutation relations between mode operators:
[xI , pJ ] = iδIJ , [αin, α
j
m] = ωnδ
ijδn+m,0 , [α
i′
n , α
j′
m] = ω
′
nδ
i′j′δn+m,0 . (2.14)
Let us next turn to the fermionic sector of the theory. The fermionic fields are split into
two parts according to the (4, 4) supersymmetry; (ψ1−, ψ
2
+) and (ψ
1
+, ψ
2
−). We first consider
the former case. The equations of motion for ψ1− and ψ
2
+ are obtained as
∂+ψ
1
− +
m
3
γ4ψ2+ = 0 , ∂−ψ
2
+ −
m
3
γ4ψ1− = 0 . (2.15)
The non-zero mode solutions of these equations are given by using the modes, (2.10). For
the zero mode part of the solution, we impose a condition that, at τ = 0, the solution
behaves just as that of massless case. The mode expansions for the fermionic coordinates
are then
ψ1−(τ, σ) = c0ψ˜0 cos
(m
3
τ
)
− c0γ4ψ0 sin
(m
3
τ
)
+
∑
n 6=0
cn
(
ψ˜nφ˜n(τ, σ)− i 3
m
(ωn − n)γ4ψnφn(τ, σ)
)
,
ψ2+(τ, σ) = c0ψ0 cos
(m
3
τ
)
+ c0γ
4ψ˜0 sin
(m
3
τ
)
+
∑
n 6=0
cn
(
ψnφn(τ, σ) + i
3
m
(ωn − n)γ4ψ˜nφ˜n(τ, σ)
)
, (2.16)
where γ1234ψn = ψn and γ
1234ψ˜n = −ψ˜n for all n, and cn are the normalization constants
given by
c0 =
√
α′ , cn =
√
α′√
1 +
(
3
m
)2
(ωn − n)2
.
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Promoting the expansion coefficients to operators and using the canonical equal time anti-
commutation relations,
{ψA±(τ, σ), ψB±(τ, σ′)} = 2πα′δABδ(σ − σ′) , (2.17)
the following anti-commutation relations between mode operators are obtained.
{ψn, ψm} = δn+m,0 , {ψ˜n, ψ˜m} = δn+m,0 . (2.18)
The quantization of fermionic coordinates in the other (4, 4) supermultiplet proceed
along the same way. The equations of motion for ψ1+ and ψ
2
− are respectively
∂+ψ
1
+ −
m
6
γ4ψ2− = 0 , ∂−ψ
2
− +
m
6
γ4ψ1+ = 0 , (2.19)
whose solutions are found to be
ψ1+(τ, σ) = c
′
0ψ˜
′
0 cos
(m
6
τ
)
+ c′0γ
4ψ′0 sin
(m
6
τ
)
+
∑
n 6=0
c′n
(
ψ˜′nφ˜
′
n(τ, σ) + i
6
m
(ω′n − n)γ4ψ′nφ′n(τ, σ)
)
,
ψ2−(τ, σ) = c
′
0ψ
′
0 cos
(m
6
τ
)
− c′0γ4ψ˜′0 sin
(m
6
τ
)
+
∑
n 6=0
c′n
(
ψ′nφ
′
n(τ, σ)− i
6
m
(ω′n − n)γ4ψ˜′nφ˜′n(τ, σ)
)
, (2.20)
where γ1234ψ′n = −ψ′n, γ1234ψ˜′n = ψ˜′n, and
c′0 =
√
α′ , c′n =
√
α′√
1 +
(
6
m
)2
(ω′n − n)2
.
Then the equal time anti-commutation relations, (2.17), lead us to have
{ψ′n, ψ′m} = δn+m,0 , {ψ˜′n, ψ˜′m} = δn+m,0 . (2.21)
We now consider the light-cone Hamiltonian of the theory, which is written as2
HLC =
∫ 2pi
0
dσP− =
2π
p+
∫ 2pi
0
dσH . (2.22)
The H is the Hamiltonian density obtained from Eq. (2.6) as
H = 1
2
(PI)2 + 1
2
(∂σX
I)2 +
1
2
(m
3
)2
(X i)2 +
1
2
(m
6
)2
(X i
′
)2
− i
2
ψ1−∂σψ
1
− +
i
2
ψ2+∂σψ
2
+ + i
m
3
ψ2+γ
4ψ1−
− i
2
ψ1+∂σψ
1
+ +
i
2
ψ2−∂σψ
2
− − i
m
6
ψ2−γ
4ψ1+ . (2.23)
2From now on, we set 2piα′ = 1 for notational convenience.
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By plugging the mode expansions for the fields, Eqs. (2.9), (2.16), and (2.20), into Eq.
(2.22), the light-cone Hamiltonian becomes
HLC = E0 + E + E˜ , (2.24)
where E0 is the zero mode contribution and E, E˜ are the contributions of the non-zero
modes:
E0 =
2π2
p+
((
pI
2π
)2
+
(m
3
)2
(xi)2 +
(m
6
)2
(xi
′
)2 − i
π
m
3
ψ˜0γ
4ψ0 +
i
π
m
6
ψ˜′0γ
4ψ′0
)
,
E =
π
p+
∑
n 6=0
(αI−nα
I
n + ωnψ−nψn + ω
′
nψ
′
−nψ
′
n) ,
E˜ =
π
p+
∑
n 6=0
(α˜I−nα˜
I
n + ωnψ˜−nψ˜n + ω
′
nψ˜
′
−nψ˜
′
n) . (2.25)
In the quantized version, the modes in the expression of Hamiltonian become operators
with the commutation relations, (2.14), (2.18), and (2.21), and should be properly normal
ordered. For the string oscillator contributions, E and E˜, we place operator with negative
mode number to the left of operator with positive mode number as in the flat case. The
normal ordered expressions of them are then given by
E =
2π
p+
∞∑
n=1
(αI−nα
I
n + ωnψ−nψn + ω
′
nψ
′
−nψ
′
n) ,
E˜ =
2π
p+
∞∑
n=1
(α˜I−nα˜
I
n + ωnψ˜−nψ˜n + ω
′
nψ˜
′
−nψ˜
′
n) . (2.26)
Here we note that there is no zero-point energy because bosonic contributions are exactly
canceled by those of fermions.
The zero mode contribution is the Hamiltonian for the simple harmonic oscillators and
massive fermions. For the bosonic part, we introduce the usual creation and annihilation
operators as
ai† =
√
3π
m
(
pi
2π
+ i
m
3
xi
)
, ai =
√
3π
m
(
pi
2π
− im
3
xi
)
,
ai
′† =
√
6π
m
(
pi
′
2π
+ i
m
6
xi
′
)
, ai
′
=
√
6π
m
(
pi
′
2π
− im
6
xi
′
)
, (2.27)
whose commutation relations are read as, from Eq. (2.14),
[aI , aJ†] = δIJ . (2.28)
As for the fermionic creation and annihilation operators, we take the following combination
of modes.
χ† =
1√
2
(ψ0 − iγ4ψ˜0) , χ = 1√
2
(ψ0 + iγ
4ψ˜0) ,
χ′† =
1√
2
(ψ′0 + iγ
4ψ˜′0) , χ
′ =
1√
2
(ψ′0 − iγ4ψ˜′0) , (2.29)
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where γ12349χ = −χ and γ12349χ′ = χ′. From Eqs. (2.18) and (2.21), the anti-commutation
relations between these operators become
{χ, χ†} = 1 , {χ′, χ′†} = 1 . (2.30)
In terms of the operators introduced above, Eqs. (2.27) and (2.29), the normal ordered zero
mode contribution to the light-cone Hamiltonian is then given by
E0 =
µ
6
(2ai†ai + ai
′†ai
′
+ 2χ†χ+ χ′†χ′) , (2.31)
which has vanishing zero-point energy as in the case of string oscillator contributions.
Though the string physics is described by the light-cone Hamiltonian, (2.24), there is a
constraint constraining the string states, which is the usual Virasoro constraint imposing
the invariance under the translation in σ direction. In the light-cone gauge, the Virasoro
constraint is given by∫ 2pi
0
dσ
(
− 1
2π
p+∂σX
− + PI∂σXI + i
2
ψA+∂σψ
A
+ +
i
2
ψA−∂σψ
A
−
)
= 0 . (2.32)
The integration of the first integrand vanishes trivially since p+ is constant, and the remain-
ing parts give us the following constraint.
N = N˜ , (2.33)
where N and N˜ are defined as
N =
∞∑
n=1
n
(
1
ωn
αi−nα
i
n +
1
ω′n
αi
′
−nα
i′
n + ψ−nψn + ψ
′
−nψ
′
n
)
,
N˜ =
∞∑
n=1
n
(
1
ωn
α˜i−nα˜
i
n +
1
ω′n
α˜i
′
−nα˜
i′
n + ψ˜−nψ˜n + ψ˜
′
−nψ˜
′
n
)
. (2.34)
The normal ordered expressions Eqs. (2.26) and (2.31) now constitute the quantum light-
cone Hamiltonian, which implicitly defines the vacuum |0〉 of the quantized theory as a state
annihilated by string oscillation operators with positive mode number, that is n ≥ 1, and
zero mode operators aI , χ, and χ′ defined in Eqs. (2.27) and (2.29). Actually, the vacuum
defined in this paper, especially the vacuum state in the zero mode sector, is not unique
but one of the possible Clifford vacua, since our theory is massive and there can be various
definitions for the creation and annihilation operators. This is also the case for the IIB
superstring in pp-wave background and has been discussed in [22]. However, considering
the regularity of states at τ → i∞ that has been pointed out in [27], our definition is a
natural one.
The low-lying string states are obtained by acting the fermionic and bosonic zero-mode
creation operators on the vacuum |0〉 and correspond to the excitation modes of Type
8
e0 Bosonic states NB Fermionic states NF
0 (0,0) 1 0
1 0 (0,1) 4
2 (0,2) 6 (1,0) 4
3 (1,1) 16 (0,3) 4
4 (2,0) (0,4) 7 (1,2) 24
5 (1,3) 16 (2,1) 24
6 (2,2) 36 (3,0) (1,4) 8
7 (3,1) 16 (2,3) 24
8 (4,0) (2,4) 7 (3,2) 24
9 (3,3) 16 (4,1) 4
10 (4,2) 6 (3,4) 4
11 0 (4,3) 4
12 (4,4) 1 0
128 128
Table 1: Low-lying string states constructed by acting fermionic zero-mode operators on
the vacuum; (χ†)n(χ′†)n
′|0〉 with n, n′ = 0, 1, 2, 3, 4. The states are characterized by (n, n′).
NB(NF ) is the number of bosonic (fermionic) degrees of freedom. e0 is the light-cone energy
in units of µ/6, that is, E0 = µe0/6.
IIA supergravity fields expanded near the plane-wave background. Among the string states,
those constructed by using only the fermionic zero-modes, that is, (χ†)n(χ′†)n
′ |0〉 with n, n′ =
0, 1, 2, 3, 4, correspond to the supergravity excitation modes with the minimal light-cone
energies, and the string states obtained by acting the bosonic zero-modes on them are related
to the supergravity modes with higher light-cone energies. In table 1, we list the states
(χ†)n(χ′†)n
′|0〉 according to their light-cone energy HLC , which is simply E0 of Eq. (2.31),
in units of µ/6. We shall see in the next section how these string states correspond to the
supergravity excitation modes.
3 Supergravity excitation spectrum
The equations of motion for the Type IIA supergravity fields expanded to linear order in
fluctuations on the plane-wave background can be used to determine the light-cone en-
ergy spectrum of the fluctuating fields. The equations for fluctuations in the plane-wave
background (1.1) has the following typical form
(+ iα∂−)ϕ = 0 (3.1)
with
 ≡ 1√−g¯ ∂µ
(√−g¯g¯µν∂ν) = −2∂+∂− + A(xI)∂2− + ∂2I ,
9
where g¯ ≡ det g¯µν = −1 and α is an arbitrary constant. In the light-cone description where
x+ is the evolution parameter of the system, the fluctuation field ϕ can be expressed by
using the Fourier transformation as follows
ϕ(x+, x−, xI) =
∫
dp+d8pI
(2π)9/2
ei(−x
−p++xIpI)ϕ˜(x+, p+, pI), (3.2)
where ϕ˜ satisfies[
2p+P− + (p+)2
(
4∑
i=1
µ2
9
∂2pi +
8∑
i′=5
µ2
36
∂2
pi′
)
− p2I + αp+
]
ϕ = 0. (3.3)
From the Eq. (3.3), we obtain the light-cone Hamiltonian,
H ≡ i∂+ = P− = 1
2p+
(
(pI)2 −m21
4∑
i=1
∂2pi −m22
8∑
i′=5
∂2
pi′
)
− α
2
, (3.4)
where m1 =
µ
3
p+, m2 =
µ
6
p+. To obtain the light-cone energy spectrum, we introduce two
sets of creation and annihilation operators,
ai† ≡ 1√
2m1
(pi −m1∂pi), ai ≡ 1√
2m1
(pi +m1∂pi), [a
i, a†
j
] = δij , (3.5)
ai
′† ≡ 1√
2m2
(pi
′ −m2∂pi′ ), ai
′ ≡ 1√
2m2
(pi
′
+m2∂pi′ ), [a
i′, a†
j′
] = δi
′j′ . (3.6)
Then the normal ordered expression of the light-cone Hamiltonian is given by
H =
µ
3
4∑
i=1
ai†ai +
µ
6
4∑
i′=1
ai
′†ai
′
+ µ− α
2
. (3.7)
From this relation (3.7), we see that the fluctuation field which satisfies the Eq. (3.1) has
the minimal light-cone energy E0 defined as
µ
6
E0 = µ− α
2
, (3.8)
which will be used to characterize the excitation modes of the IIA supergravity in the
pp-wave background.
3.1 Bosonic excitations
In the bosonic sector of the Type IIA supergravity, we have five fields, which are dilaton Φ,
graviton gµν , NS-NS two-form gauge field Bµν , and two R-R gauge fields Aµ and Aµνρ. The
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equations of motion for these bosonic fields are, in the Einstein frame,
∇2Φ = − 1
12
e−ΦHµνρH
µνρ +
3
8
e
3
2
ΦFµνF
µν +
1
96
e
1
2
ΦF˜µνρσF˜
µνρσ , (3.9)
∇µ
(
e
3
2
ΦF µν
)
= −1
6
e
1
2
ΦHµρσF˜
µνρσ , (3.10)
∇µ
(
e−ΦHµνρ + e
1
2
ΦAσF˜
σµνρ
)
=
1
2 · (4!)2
ǫνρµ1···µ8√−g Fµ1···µ4Fµ5···µ8 , (3.11)
∇µ
(
e
1
2
ΦF˜ µνρσ
)
= − 1
6 · 4!
ǫµνρσµ1 ···µ6√−g Hµµ1µ2Fµ3···µ6 , (3.12)
Rµν − 1
2
gµνR = −1
4
gµν∇ρΦ∇ρΦ + 1
2
∇µΦ∇νΦ
− 1
24
gµνe
−ΦHρσλH
ρσλ +
1
4
e−ΦHµρσHν
ρσ
−1
2
gµν
(
1
4
e
3
2
ΦFρσF
ρσ +
1
48
e
1
2
ΦF˜ρσλκF˜
ρσλκ
)
+
1
2
e
3
2
ΦFµρFν
ρ +
1
12
e
1
2
ΦF˜µρσλF˜ν
ρσλ, (3.13)
where ǫµ1···µ10 is the Levi-Civita symbol chosen by ǫ+−12···8 = 1, and the field strengths are
defined as
Fµν = 2∂[µAν],
Hµνρ = 3∂[µBνρ],
Fµνρσ = 4∂[µAνρσ],
F˜µνρσ = 4∂[µAνρσ] + 4A[µHνρσ].
To obtain the linearized equations of motion for the fluctuation fields, we expand the
fields near the pp-wave background given in Eq. (1.1) as follows
Φ = φ,
gµν = g¯µν + hµν → Rµν = R¯µν + rµν ,
Aµ = A¯µ + aµ → Fµν = F¯µν + fµν ,
Bµν = bµν → Hµνρ = hµνρ,
Aµνρ = A¯µνρ + aµνρ → Fµνρσ = F¯µνρσ + fµνρσ, (3.14)
where the fields with bar denote the background fields. And we shall choose the usual
light-cone gauge for the fluctuations, aµ, bµν , aµνρ, hµν such as
a− = b−I = a−IJ = h−I = 0. (3.15)
The linearized form of the equation of motion (3.9) for dilaton is the following coupled
equation
φ =
µ
2
∂−(a4 − a123). (3.16)
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And the equations of motion (3.10), (3.11) and (3.12) for the gauge fields have the following
linearized forms respectively,
∂µ
(
3
2
φF¯ µν + fµν − hµµ′ F¯µ′ν − F¯ µν′hν′ν
)
= − 1
3!
hµρσF¯
µνρσ , (3.17)
∂µ
(
hµνρ + aσF¯
σµνρ + A¯σf
σµνρ + 4A¯σA¯
[σhµνρ]
)
=
µ
4!
ǫ+123νρµ1 ···µ4fµ1···µ4 , (3.18)
∂µ
(
1
2
φF¯ µνρσ + fµνρσ + 4A¯[µhνρσ] − hµµ′F¯µ′νρσ
+hνν
′
F¯ν′
µρσ − hρρ′F¯ρ′µνσ + hσσ′ F¯σ′µνρ
)
=
µ
3!
ǫ+123νρσµ1µ2µ3hµ1µ2µ3 ,
(3.19)
where the raising and lowering of the Lorentz indices are performed by the plane-wave metric
g¯µν .
The (+),(+I),(+IJ) components of the Eqs. (3.17), (3.18) and (3.19) give constraints
implying that the modes a+, b+I and a+IJ are non-dynamical. We can express these non-
dynamical modes in terms of physical modes aI , bIJ , aIJK as follows,
a+ =
1
∂−
∂IaI , (3.20)
bI+ =
1
∂−
∂JbIJ , (3.21)
aIJ+ =
1
∂−
(
∂KaIJK + A¯+∂−bIJ
)
, (3.22)
where A¯+ =
µ
3
x4.
The linearized form of Einstein equation (3.13) has rather complicated form,
rµν − 1
2
g¯µνr = −µ
6
g¯µν∂−a4 +
µ
2
g¯µν∂−a123
+
3
4
φF¯µρF¯ν
ρ +
1
24
φF¯µρσλF¯ν
ρσλ +
1
2
(
F¯µρfν
ρ + fµρF¯ν
ρ
)
+
1
12
[
F¯µ
ρσλ
(
fνρσλ + 4A¯[νhρσλ]
)
+
(
fµρσλ + 4A¯[µhρσλ]
)
F¯ν
ρσλ
]
−1
2
F¯µρF¯νρ′h
ρρ′ − 1
4
F¯µρσλF¯νρ′
σλhρρ
′
(3.23)
with
rµν =
1
2
(−∇¯2hµν + ∇¯µ∇¯ρhρν + ∇¯ν∇¯ρhρµ − ∇¯µ∇¯νhρρ
+2R¯µρσνh
ρσ + R¯µρh
ρ
ν + R¯νρh
ρ
µ
)
, (3.24)
r ≡ g¯µνrµν , (3.25)
where the covariant derivative ∇¯µ is defined by using the background pp-wave metric g¯µν
and the non-vanishing connection and curvature quantities are given by
Γ−I+ =
1
2
∂IA, Γ
I
++ =
1
2
∂IA, R+IJ+ =
1
2
∂I∂JA, R++ =
1
2
∂2IA . (3.26)
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The (−−) component of the Eq. (3.23) gives the following zero-trace condition for the
transverse modes of the graviton
hII = 0. (3.27)
And the (−I) components of the Eq. (3.23) lead to the expressions for non-dynamical modes
h+I ,
h+I =
1
∂−
∂JhIJ . (3.28)
Under the conditions (3.27) and (3.28), the trace for the space-time indices of the Eq. (3.23)
gives an additional condition,
h++ =
1
(∂−)2
∂I∂JhIJ +
µ
4
1
∂−
(a4 − a123). (3.29)
Now let us consider the linearized equations for physical modes which determine the
light-cone energy spectrum. There are four sets of decoupled modes and seven sets of
coupled ones which we need to diagonalize to determine the light-cone energy spectrum for
the physical modes. The linearized equation for dilaton, (4)-component of the Eq. (3.17),
(123)-component of the Eq. (3.19), the trace for SO(3) indices and (44)-component of the
Eq. (3.23) are coupled each other and given by3
φ− µ
2
∂−a4 +
µ
2
∂−a123 = 0 , a4 +
µ
2
∂−φ− µ
3
∂−h44 = 0,
a123 − µ
2
∂−φ+ µ∂−hii = 0 , hii − µ
4
∂−a4 − 15µ
4
∂−a123 = 0 ,
h44 +
7µ
12
∂−a4 +
3µ
4
∂−a123 = 0. (3.30)
These coupled equations form SO(3)×SO(4) scalar multiplet. Then we obtain the following
diagonalized equations
φ0 = 0 ,
φ2 + i
2µ
3
∂−φ2 = 0 , φ¯2 − i2µ
3
∂−φ¯2 = 0 ,
φ6 + 2iµ∂−φ6 = 0 , φ¯6 − 2iµ∂−φ¯6 = 0, (3.31)
where we define
φ0 ≡ φ+ 1
3
hii + h44 ,
φ2 ≡ φ+ 4
3
ia4 − 2
3
h44 , φ¯2 ≡ φ− 4
3
ia4 − 2
3
h44 ,
φ6 ≡ φ− 4ia123 − 2hii , φ¯6 ≡ φ+ 4ia123 − 2hii . (3.32)
According to Eqs. (3.1) and (3.8), these equations in Eq. (3.31) mean that the minimal
light-cone energies of the fields in Eq. (3.32) are given by
E0 (φ0) = 6 , E0 (φ2) = 4 , E0
(
φ¯2
)
= 8 , E0 (φ6) = 0 , E0
(
φ¯6
)
= 12 . (3.33)
3From now one, the index of the type i is taken to run from 1 to 3, while the range of i′ is not changed.
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There are two sets of SO(3) vector multiplets. One is decoupled multiplet and the other
is coupled one. The decoupled one comes from the (i4)-components of the Eq. (3.18) and
given by
β0i = 0, (3.34)
where β0i ≡ b4i and their minimal light-cone energies are
E0 (β0i) = 6 . (3.35)
The coupled SO(3) vector multiplets come from the (i), (ij), (4ij) and (i4)-components of
the Eqs. (3.17), (3.18), (3.19) and (3.23) respectively and written by
ai − µ
3
∂−h4i − µ
2
ǫijk∂−bjk = 0 , bij + µǫijk∂−ak − µ
3
∂−a4ij = 0,
a4ij +
µ
3
∂−bij + µǫijk∂−h4k = 0 , h4i +
µ
3
∂−ai − µ
2
ǫijk∂−a4jk = 0 . (3.36)
These coupled equations are diagonalized as
β2i + i
2µ
3
∂−β2i = 0 , β¯2i − i2µ
3
∂−β¯2i = 0 ,
β4i + i
4µ
3
∂−β4i = 0 , β¯4i − i4µ
3
∂−β¯4i = 0 , (3.37)
where we define the diagonalized physical modes as
β2i ≡ ai − ih4i + i
2
ǫijkbjk +
1
2
ǫijka4jk, β¯2i ≡ ai + ih4i − i
2
ǫijkbjk +
1
2
ǫijka4jk,
β4i ≡ ai + ih4i + i
2
ǫijkbjk − 1
2
ǫijka4jk, β¯4i ≡ ai − ih4i − i
2
ǫijkbjk − 1
2
ǫijka4jk, (3.38)
whose minimal light-cone energies are given by
E0 (β2i) = 4 , E0
(
β¯2i
)
= 8 , E0 (β4i) = 2 , E0
(
β¯4i
)
= 10 . (3.39)
There are two kinds of coupled multiplets in SO(4) vector multiplets. The (i′) and
(4i′)-components of Eqs. (3.17) and (3.18) form one set of coupled equations
ai′ − µ
3
∂−h4i′ = 0, h4i′ +
µ
3
∂−ai′ = 0, (3.40)
and the (4i′) and (i′j′k′)-components of Eqs. (3.18) and (3.19) give the other set
b4i′ +
µ
6
ǫi′j′k′l′∂−aj′k′l′ = 0, ai′j′k′ + µǫi′j′k′l′∂−b4l′ = 0, (3.41)
where ǫi′j′k′l′ are Levi-Civita symbols and we choose ǫ5678 = 1. By introducing two sets of
complex SO(4) vectors
β1i′ ≡ ai′ + ih4i′ , β¯1i′ ≡ ai′ − ih4i′ , (3.42)
β3i′ ≡ b4i′ − i
6
ǫi′j′k′l′aj′k′l′ , β¯3i′ ≡ b4i′ + i
6
ǫi′j′k′l′aj′k′l′, (3.43)
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we can diagonalize the Eqs. (3.40) and (3.41) as
β1i′ + i
µ
3
∂−β1i′ = 0 , β¯1i′ − iµ
3
∂−β¯1i′ = 0 , (3.44)
β3i′ + iµ∂−β3i′ = 0 , β¯3i′ − iµ∂−β¯3i′ = 0 . (3.45)
Thus we obtain the minimal light-cone energies of the diagonalized modes as
E0(β1i′) = 5 , E0(β¯1i′) = 7 , E0(β3i′) = 3 , E0(β¯3i′) = 9 . (3.46)
The (ij′)-components of the Eq. (3.18) and the (4ij′)-components of the Eq. (3.19) form
a coupled set of equations as follows,
bij′ − µ
3
∂−a4ij′ = 0, a4ij′ +
µ
3
∂−bij′ = 0. (3.47)
By defining the complex tensors
β1ij′ ≡ bij′ + ia4ij′ , β¯1ij′ ≡ bij′ − ia4ij′ , (3.48)
the equations in Eq. (3.47) are diagonalized as
β1ij′ + i
µ
3
∂−β1ij′ = 0 , β¯1ij′ − iµ
3
∂−β¯1ij′ = 0 , (3.49)
so that the minimal light-cone energies are
E0(β1ij′) = 5 , E0(β¯1ij′) = 7 . (3.50)
The (i′j′)-components of the Eq. (3.18) and (4i′j′)-ones of the Eq. (3.19) are coupled
also and form anti-symmetric 2-form field multiplets. The coupled equations are
bi′j′ − µ
3
∂−a4i′j′ +
µ
2
ǫi′j′k′l′∂−a4k′l′ = 0,
a4i′j′ +
µ
3
∂−bi′j′ − µ
2
ǫi′j′k′l′∂−bk′l′ = 0, (3.51)
and these are diagonalized by defining the anti-symmetric complex 2-form fields,
β2i′j′ ≡ a+i′j′ − ia˜+i′j′, β¯2i′j′ ≡ a+i′j′ + ia˜+i′j′,
β4i′j′ ≡ a−i′j′ + ia˜−i′j′, β¯4i′j′ ≡ a−i′j′ − ia˜−i′j′, (3.52)
where we used the (anti-)self-dual tensors which are irreducible tensors of the SO(4) algebra
and defined by
a±i′j′ ≡ bi′j′ ±
1
2
ǫi′j′k′l′bk′l′ , a˜
±
i′j′ ≡ a4i′j′ ±
1
2
ǫi′j′k′l′a4k′l′ .
Then the equations in Eq. (3.51) are diagonalized by
β2i′j′ + i
2µ
3
∂−β2i′j′ = 0 , β¯2i′j′ − i2µ
3
∂−β¯2i′j′ = 0 ,
β4i′j′ + i
4µ
3
∂−β4i′j′ = 0 , β¯4i′j′ − i4µ
3
∂−β¯4i′j′ = 0 , (3.53)
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thus the minimal light-cone energies are
E0(β2i′j′) = 4 , E0(β¯2i′j′) = 8 , E0(β4i′j′) = 2 , E0(β¯4i′j′) = 10 . (3.54)
There is remaining one mixed multiplet. The (ijk′)-components of the Eq. (3.19) and
(ij′)-ones of the Eq. (3.23) give
aijk′ + µǫijl∂−hlk′ = 0, hij′ − µ
2
ǫikl∂−aklj′ = 0. (3.55)
By defining the complex tensors
β3ijk′ ≡ aijk′ − iǫijkhkk′, β¯3ijk′ ≡ aijk′ + iǫijkhkk′, (3.56)
we can diagonalize the equations in Eq. (3.55) as
β3ijk′ + iµ∂−β3ijk′ = 0, β¯3ijk′ − iµ∂−β¯3ijk′ = 0, (3.57)
so that the minimal energies are
E0(β3ijk′) = 3 , E0(β¯2ijk′) = 9 . (3.58)
The (ij′k′)-components of the Eq. (3.19) are decoupled and the linearized equations and
minimal energies are given by
β0ij′k′ = 0 , E0(β0ij′k′) = 6 , (3.59)
where β0ij′k′ ≡ aij′k′.
From (ij) and (i′j′)-components of the Eq. (3.23), we can extract two sets of traceless
gravitons which belong to SO(3) and SO(4) graviton multiplets respectively. Then the
equations and minimal light-cone energies are given by
h⊥ij = 0, h
⊥
i′j′ = 0 , E0(h⊥ij) = E0(h⊥i′j′) = 6 , (3.60)
where we have defined
h⊥ij ≡ hij −
1
3
δijhkk, h
⊥
i′j′ ≡ hi′j′ −
1
4
δi′j′hk′k′.
3.2 Fermionic excitations
The fermionic fields of Type IIA supergravity are spin-1/2 dilatino Λ and spin-3/2 gravitino
Ψµ, each of which has real 32 components and is decomposed into two pieces of opposite
SO(1, 9) chiralities. Though it is usual to decompose the fermionic fields based on SO(1, 9)
chiralities, it will be convenient to take a different decomposition in this paper in a way that
the SO(3)× SO(4) symmetry structure of the pp-wave background manifests.
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If we do not take any decomposition for a while, the equations of motion for Λ and Ψµ
are as follows:
ΓµDµΛ = −
√
2
4
Γ9ΓµΓνΨµ∂νΦ− 1
192
eΦ/4
(
1√
2
Γ9ΓµΓρσλκΨµ − 3
2
ΓρσλκΛ
)
F˜ρσλκ
+
√
2
48
e−Φ/2ΓµΓρσλΨµHρσλ − 1
16
e3Φ/4
(
3√
2
ΓµΓρσΨµ +
5
2
Γ9ΓρσΛ
)
Fρσ
+ · · · , (3.61)
ΓµνρDνΨρ =
√
2
4
ΓνΓµΓ9Λ∂νΦ
− 1
192
eΦ/4
(
2ΓµνρσλκΨν + 24g
µρΓσλΨκ +
1√
2
ΓρσλκΓµΓ9Λ
)
F˜ρσλκ
+
1
48
e−Φ/2
(
2Γ9ΓµνρσλΨν − 12gµρΓ9ΓσΨλ +
√
2ΓρσλΓµΛ
)
Hρσλ
+
1
16
e3Φ/4
(
2Γ9ΓµνρσΨν + 4g
µρΓ9Ψσ − 3√
2
ΓρσΓµΛ
)
Fρσ + · · ·
≡ Jµ + · · · , (3.62)
where the dots on the right hand sides represent the terms of cubic in fermionic fields,
which describe the interactions between excitations and hence are not our concern, and the
covariant derivative for spinor is given by4
Dµ = ∂µ +
1
4
ωrsµ Γrs , (3.63)
whose explicit expression for the pp-wave background, (1.1), is
D+ = ∂+ − 1
4
∂IAΓ
+I , D− = ∂− , DI = ∂I , (3.64)
under the following choice of the zehnbein
e+ = dx+ , e− = dx− +
1
2
A(xI)dx+ , eI = dxI . (3.65)
For the study of the linearized equation of motion for gravitino, we note that it is convenient
to rewrite the Eq. (3.62) as
ΓνDνΨµ −DµΨ = Jµ − 1
8
ΓµΓνJ
ν , (3.66)
where Ψ ≡ ΓµΨµ and we have ignored the interaction terms represented by dots in Eq. (3.62).
For the consideration of the physical modes, we should impose the gauge condition for the
gravitino, which we take as the following light-cone gauge,
Ψ− = 0 . (3.67)
4The indices r, s, ... represent the flat tangent space indices. The gamma matrices Γr satisfy the SO(1, 9)
Clifford algebra, {Γr,Γs} = 2ηrs, where ηrs is the ten dimensional flat metric. We note that all the indices
of gamma matrices, which are not denoted by Greek characters, are flat indices.
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In the light-cone formulation, the fermionic fields are decomposed into the dynamical
(physical) and non-dynamical modes explicitly by using {Γ+,Γ−} = 2η+−. For the spin-1/2
field, we have the decomposition,
Λ = λ+ η , (3.68)
where
λ ≡ −1
2
Γ−Γ+Λ , η ≡ −1
2
Γ+Γ−Λ , (3.69)
while for the spin-3/2 gravitino field,
Ψµ = ψµ + ρµ , (3.70)
where
ψµ ≡ −1
2
Γ−Γ+Ψµ , ρµ ≡ −1
2
Γ+Γ−Ψµ . (3.71)
As we will see, η and ρµ correspond to non-dynamical fields expressed in terms of the
physical fields λ and ψµ respectively.
Having the decomposition of the fermionic fields, Eqs. (3.68) and (3.70), we first consider
the equation of motion for the spin-1/2 field Λ, Eq. (3.61). The linearized form of the
equation of motion is
Γ+(∂+ − 1
2
A∂−)λ+ Γ
−∂−η + Γ
I∂I(λ+ η)
=
µ
48
Γ+Γ49(5− 9Γ12349)λ− µ
8
√
2
Γ+ΓIΓ4(1− Γ12349)ψI . (3.72)
We see that the field η does not have the dependence on the light-cone time x+ and is
expected to be non-dynamical. Indeed, this equation leads to the expression of η in terms
of λ as
η =
1
2∂−
Γ+ΓI∂Iλ . (3.73)
Taking into account this expression, the linearized equation of motion for the physical mode
λ becomes
λ = − µ
24
Γ49(5− 9Γ12349)∂−λ+ µ
4
√
2
ΓIΓ4(1− Γ12349)∂−ψI . (3.74)
We see that the gravitino appears in the equation of motion for the dilatino, (3.74).
This lets us turn to the equation of motion for the gravitino and pick up the physical modes
before going on further analysis for the dilatino. The explicit expressions for the ‘current’
Jµ are first needed in the light-cone gauge, (3.67). Except for the light-cone component, J+,
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we have J− = 0 and, for the spatial components,
Ji = −µ
4
Γ+
(
Γ123(δij − ΓiΓj)ψj − 1
3
Γ49ψi +
1
3
Γi9ψ4 +
1
2
√
2
ΓiΓ4(1− Γ12349)λ
)
,
J4 = −µ
4
Γ+
(
Γi
′
Γ1234ψi′ − 1
2
√
2
(1− Γ12349)λ
)
,
Ji′ =
µ
4
Γ+
(
Γ123(δi
′j′ − Γi′Γj′)ψj′ + 1
3
Γ49ψi′ + Γ
i′
(
Γ1234 − 1
3
Γ9
)
ψ4
− 1
2
√
2
Γi
′
Γ4(1 + Γ12349)λ
)
. (3.75)
Then the µ = − component of Eq. (3.66) gives
Ψ = Γ+Ψ+ + Γ
IΨI = 0 , (3.76)
which implies Γ+ΓIΨI = 0 and states that Ψ+ is non-dynamical. For the µ = I component,
we have
Γ+(∂+ − 1
2
A∂−)ψI + Γ
−∂−ρI + Γ
J∂J(ψI + ρI) = JI − 1
8
ΓI(Γ
JJJ + Γ
+J+) , (3.77)
with the decomposition, (3.70), and the expressions of JI , (3.75). We would like to note
that the term Γ+J+ on the right hand side of Eq. (3.77) vanishes due to Eq. (3.76), and J+
does not play any role in the following formulation. From (3.77), we now see that the ρI
field is obviously non-dynamical, and is given in terms of ψI as
ρI =
1
2∂−
Γ+ΓJ∂JψI . (3.78)
This relation leads us to the following linearized equation of motion for the physical modes
ψI :
ψI − Γ−∂−(JI − 1
8
ΓIΓ
JJJ) = 0 . (3.79)
The remaining vector component of the gravitino is Ψ+, which is non-dynamical. From
Eqs. (3.66) and (3.76), we have
ψ+ =
1
2∂−
(δIJ + ΓIJ)∂JψI , ρ+ =
1
2∂−
(Γ+ΓI∂Iψ+ +
1
4
ΓIJI) . (3.80)
As alluded at the beginning of this subsection, we now decompose the physical modes
to reflect the symmetry structure SO(3) × SO(4) of the pp-wave background. However,
to avoid some complexity, we are concerned only about the SO(4) structure. The case of
SO(3) will be required at later stage. Since the decomposition is performed in the transverse
eight dimensional space and the physical mode has 16 independent spinor components, it
is natural to use the 16 × 16 gamma matrices, γI , of Eq. (2.4). In addition to this, from
our convention and the Eqs. (3.69) and (3.71), we make replacements λ →
(
λ
0
)
and
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ψI →
(
ψI
0
)
to specify that the physical fields have 16 components. The decomposition
of physical fields is then
λ = λ+ + λ− , ψI = ψ
+
I + ψ
−
I (3.81)
where the sign of superscript indicates the SO(4) chirality in the space spanned by x5, ..., x8,
that is, γ5678λ± = ±λ± and γ5678ψ±I = ±ψ±I . We note that γ5678 = γ12349, which will be
useful in the following formulation.
For each SO(4) chirality, the dilatino equation of motion, (3.74), leads us to have
(− 7µ
12
γ49∂−)λ
+ − µ
2
√
2
γi4∂−ψ
+
i −
µ
2
√
2
∂−ψ
+
4 = 0 , (3.82)
(+
µ
6
γ49∂−)λ
− − µ
2
√
2
γi
′4∂−ψ
+
i′ = 0 . (3.83)
For the case of gravitino, we first split the vector components as ψ±I = (ψ
±
i , ψ
±
4 , ψ
±
i′ ), and
decompose the modes ψ±i and ψ
±
i′ into the transverse and parallel parts with respect to the
γI matrices as follows:
ψ±⊥i ≡ (δij −
1
3
γiγj)ψ±j , ψ
±
‖ ≡ γiψ±i ,
ψ±⊥i′ ≡ (δi′j′ −
1
4
γi
′
γj
′
)ψ±j′ , ψ
′±
‖ ≡ γi
′
ψ∓i′ . (3.84)
From Eq. (3.79), we see that the equations of motion for the transverse parts do not include
other modes and are given by
(− µ
3
γ123∂−)ψ
+
⊥i = 0 , (−
2µ
3
γ123∂−)ψ
−
⊥i = 0 ,
(+
2µ
3
γ123∂−)ψ
+
⊥i′ = 0 , (+
µ
3
γ123∂−)ψ
−
⊥i′ = 0 . (3.85)
γ123 in these equations now requires the modes to have definite SO(3) structure. Since
(γ123)2 = −1, its eigenvalues are ±i, the SO(3) chirality. For a generic spinor Θ, we
introduce the following notation.
Θ±± , (3.86)
where the first superscript represents the SO(3) chirality and the second the SO(4) chirality.
Then the equations for the transverse modes, (3.85), become
(− iµ
3
∂−)ψ
++
⊥i = 0 , (+ i
µ
3
∂−)ψ
−+
⊥i = 0 ,
(− i2µ
3
∂−)ψ
+−
⊥i = 0 , (+ i
2µ
3
∂−)ψ
−−
⊥i = 0 ,
(+ i
2µ
3
∂−)ψ
++
⊥i′ = 0 , (− i
2µ
3
∂−)ψ
−+
⊥i′ = 0 ,
(+ i
µ
3
∂−)ψ
+−
⊥i′ = 0 , (− i
µ
3
∂−)ψ
−−
⊥i′ = 0 , (3.87)
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which state that, according to (3.8), the minimal light-cone energy for the respective physical
gravitino modes are
E0(ψ−−⊥i , ψ++⊥i′ ) = 4 , E0(ψ−+⊥i , ψ+−⊥i′ ) = 5 , E0(ψ++⊥i , ψ−−⊥i′ ) = 7 , E0(ψ+−⊥i , ψ−+⊥i′ ) = 8 . (3.88)
The equations of motion for the other physical modes of gravitino are grouped into two sets
according to the SO(4) chirality. As for the positive chirality, we have
(+
µ
4
γ123∂−)ψ
+
4 −
3µ
8
γ1234∂−ψ
′+
‖ +
5µ
8
√
2
∂−λ
+ = 0 ,
(+
7µ
6
γ123∂−)ψ
′+
‖ +
5µ
3
γ9∂−ψ
+
4 +
µ
2
√
2
γ4∂−λ
+ = 0 , (3.89)
while for the negative chirality
ψ−4 −
3µ
8
γ1234∂−ψ
′−
‖ +
µ
4
√
2
∂−λ
− = 0 ,
(+
5µ
6
γ123∂−)ψ
′−
‖ −
4µ
3
γ9∂−ψ
−
4 −
µ√
2
γ4∂−λ
− = 0 . (3.90)
We note that the modes ψ±‖ are not dynamical because γ
Iψ±I = 0 as can be seen from
Eq. (3.76). Thus the equations of motion for them have not been considered.
We see that the physical modes λ+, ψ+4 , and ψ
′+
‖ are linked with each other through their
equations of motion, Eqs. (3.82) and (3.89). This is also the case for λ−, ψ−4 , and ψ
′−
‖ from
Eqs. (3.83) and (3.90). Diagonalization procedure is thus required to obtain the spectrum
of normal excitation modes. In order to do that, it is convenient to introduce the following
definitions:
λ± ≡ −
√
2γ9λˆ± , ψ±4 ≡ γ4ψˆ±4 . (3.91)
For the modes with positive SO(4) chirality, we then have from Eqs. (3.82) and (3.89)
(− 7µ
12
γ123∂−)λˆ
+ +
µ
2
γ123∂−ψˆ
+
4 +
µ
4
γ123∂−ψ
′+
‖ = 0 ,
(− µ
4
γ123∂−)ψˆ
+
4 +
5µ
8
γ123∂−λˆ
+ +
3µ
8
γ123∂−ψ
′+
‖ = 0 ,
(+
7µ
6
γ123∂−)ψ
′+
‖ +
µ
2
γ123∂−λˆ
+ +
5µ
3
γ123∂−ψˆ
+
4 = 0 . (3.92)
The diagonalization of these equations is done by defining
χ+1 ≡ −
1
2
λˆ+ − 3
4
ψˆ+4 + ψ
′+
‖ ,
χ+3 ≡
3
2
λˆ+ − 7
4
ψˆ+4 + ψ
′+
‖ ,
χ+5 ≡
1
6
λˆ+ +
1
4
ψˆ+4 + ψ
′+
‖ , (3.93)
whose equations of motion are then obtained as
(− µ
3
γ123∂−)χ
+
1 = 0 , (− µγ123∂−)χ+3 = 0 , (+
5µ
3
γ123∂−)χ
+
5 = 0 . (3.94)
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If we split the modes in a way that respects the SO(3) structure and follow the notation of
Eq. (3.86), these equations lead to
(− iµ
3
∂−)χ
++
1 = 0 , (+ i
µ
3
∂−)χ
−+
1 = 0 ,
(− iµ∂−)χ++3 = 0 , (+ iµ∂−)χ−+3 = 0 ,
(+ i
5µ
3
∂−)χ
++
5 = 0 , (− i
5µ
3
∂−)χ
−+
5 = 0 , (3.95)
from which we have the following minimal light-cone energy spectrum for the diagonalized
physical modes:
E0(χ++1 ) = 7 , E0(χ−+1 ) = 5 ,
E0(χ++3 ) = 9 , E0(χ−+3 ) = 6 ,
E0(χ++5 ) = 1 , E0(χ−+5 ) = 11 . (3.96)
We now turn to the modes with negative SO(4) chirality, that is, λ−, ψ−4 and ψ
′−
‖ . With
the redefinitions, (3.91), Eqs. (3.83) and (3.90) lead to
(− µ
6
γ123∂−)λˆ
− +
µ
4
γ123∂−ψ
′−
‖ = 0 ,
ψˆ−4 −
µ
4
γ123∂−λˆ
− +
3µ
8
γ123∂−ψ
′−
‖ = 0 ,
(+
5µ
6
γ123∂−)ψ
′−
‖ + µγ
123∂−λˆ
− +
4µ
3
γ123∂−ψˆ
−
4 = 0 . (3.97)
The diagonalized equations of motion are obtained as
χ−0 = 0 , (−
2µ
3
γ123∂−)χ
−
2 = 0 , (+
4µ
3
γ123∂−)χ
−
4 = 0 , (3.98)
where the normal excitation modes are defined by
χ−0 ≡
3
2
λˆ− − 7
4
ψˆ−4 + ψ
′−
‖ ,
χ−2 ≡ −
1
2
λˆ− − 3
4
ψˆ−4 + ψ
′−
‖ ,
χ−4 ≡
1
6
λˆ− +
1
4
ψˆ−4 + ψ
′−
‖ . (3.99)
After taking into account the SO(3) structure with the notation of Eq. (3.86), the above
set of equations, (3.98), leads us to have
χ+−0 = 0 , χ
−−
0 = 0 ,
(− i2µ
3
∂−)χ
+−
2 = 0 , (+ i
2µ
3
∂−)χ
−−
2 = 0 ,
(+ i
4µ
3
∂−)χ
+−
4 = 0 , (− i
4µ
3
∂−)χ
−−
4 = 0 . (3.100)
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E0 Bosonic mode (Nd.o.f.) NB Fermionic mode (Nd.o.f.) NF
0 φ6(1) 1 0
1 0 χ++5 (4) 4
2 β4i(3) β4i′j′(3) 6 χ
+−
4 (4) 4
3 β3i′(4) β3ijk′(12) 16 χ
−+
3 (4) 4
4 φ2(1) β2i(3) β2i′j′(3) 7 χ
−−
2 (4) ψ
−−
⊥i (8) ψ
++
⊥i′ (12) 24
5 β1i′(4) β1ij′(12) 16 χ
−+
1 (4) ψ
−+
⊥i (8) ψ
+−
⊥i′ (12) 24
6 φ0(1) β0i(3) β0ij′k′(18) h
⊥
ij(5) h
⊥
i′j′(9) 36 χ
+−
0 (4) χ
−−
0 (4) 8
7 β¯1i′(4) β¯1ij′(12) 16 χ
++
1 (4) ψ
++
⊥i (8) ψ
−−
⊥i′ (12) 24
8 φ¯2(1) β¯2i(3) β¯2i′j′(3) 7 χ
+−
2 (4) ψ
+−
⊥i (8) ψ
−+
⊥i′ (12) 24
9 β¯3i′(4) β¯3ijk′(12) 16 χ
++
3 (4) 4
10 β¯4i(3) β¯4i′j′(3) 6 χ
−−
4 (4) 4
11 0 χ−+5 (4) 4
12 φ¯6(1) 1 0
128 128
Table 2: Type IIA supergravity excitation modes. Nd.o.f means the number of degrees of
freedom. NB (NF ) is the number of bosonic (fermionic) degrees of freedom at each light-cone
energy.
According to Eq. (3.8), we then have the minimal light-cone energy for the modes as
E0(χ+−0 ) = 6 , E0(χ−−0 ) = 6 ,
E0(χ+−2 ) = 8 , E0(χ−−2 ) = 4 ,
E0(χ+−4 ) = 2 , E0(χ−−4 ) = 10 . (3.101)
4 Conclusion and discussion
We have obtained the Type IIA supergravity excitation modes and their spectrum in the
pp-wave background, which are summarized in table 2. The supergravity modes have been
arranged such that they respect the SO(3)×SO(4) symmetry structure of the background.
We see that there is mismatch between the bosonic and fermionic degrees of freedom at each
light-cone energy, basically due to the fact that the supersymmetry preserved by the pp-
wave background is time-dependent. (More precisely, 16 among 24 supersymmetries depend
on the light-cone time x+ [17].)
The result we have obtained shows how the low-lying string states listed in table 1
correspond to the supergravity modes of table 2. This implies that we can associate the
vertex operator for a certain low-lying string state to a definite supergravity excitation mode
in the pp-wave background. It may be expected that the study of string amplitudes with
such vertex operators gives useful insight into the structure of the M theory in the maximally
supersymmetric eleven-dimensional pp-wave background.
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Concerning the eleven dimensional origin of the ten dimensional supergravity excitation
spectrum, it would be interesting to uncover the structure of the spectrum obtained in this
paper. The eleven dimensional perturbative spectrum from the Matrix model in the eleven
dimensional pp-wave background has intriguing features such as the protected multiplet
and the indication of the presence of the transverse five-brane [7, 35]. Since the Type IIA
supergravity inherits most of its features through the dimensional reduction, the structure
in eleven dimensions would be encoded in the spectrum of ten dimensional supergravity.
Thus the eleven dimensional perturbative spectrum would lead us to have the deeper un-
derstanding of the ten dimensional spectrum. What we would get from the physics related
to the transverse five-brane is particularly interesting. We hope to return to this issue in
the near future [36].
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